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Abstract 

^ ' In this paper, we study direct and inverse images for fractional stochastic tangent sets 

r^ , and we establish the deterministic necessary and sufficient conditions that guarantee that the 

solution of a given stochastic differential equation driven by the fractional Brownian motion 
evolves in some particular sets K . As a consequence, a comparison theorem is obtain. 
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^ '■ 1 Introduction 



A general result on the existence and uniqueness of the solution for multidimensional, time 
dependent, stochastic differential equations (SDEs) driven by a fractional Brownian motion 
(fBm) with Hurst parameter H > ^ has been given by Nualart and Ra§canu in [T3] using a 
techniques of the classical fractional calculus. 

The notion of viable trajectories, used in the theory of deterministic and stochastic differ- 
ential equations, refers to those trajectories which remain at any time in a fixed subset of the 
state space. The viability is to find necessary and sufficient conditions such that a fixed subset is 
viable for the differential equation. In the theory of viable solutions the concept of the tangent 
sets and contingent sets play a fundamental role. In fact, the pioneering theorem, proved in 1942 
by Nagumo, gives a criterion of the viability in terms of contingent sets. Namely, the Nagumo 
theorem states that if / is a bounded, continuous map from a closed subset K of M™ to M™, 
then a necessary and sufficient condition such that K is viable for the differential equation 

x'{t) = f{xit)), xiO) = xoeK. 
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is that 

{f{x),p) < 0, y X (z K and V p a normal vector at K in x. 

Various generalizations of the Nagumo theorem provide viability conditions in terms of con- 
tingent cones (see for instance [1] Th. 1, p. 191). Viability and invariance with respect to Ito 
equations have been investigated first by J. -P. Aubin and G. Da Prato in [3]. Criterions for the 
viability and invariance of closed and convex subset of M™, given in [3], are expressed in terms 
of stochastic contingent sets. Their results were generalized to arbitrary subsets (which can also 
be time-dependent and random) in [12| . 

Another approach has been developed by Buckdahn, Peng, Quincampoix, Rainer and Ra§canu 
in [6], [7], [8], [9]. The main point of their work consist in proving that the viability property for 
SDE and also for backward SDE holds true if and only if the square of the distance to the con- 
straint sets is a viscosity supersolution(subsolution) of the Hamilton-Jacobi-Bellman equation 
associated. 

With respect to the SDE driven by fBm, I. Ciotir and A.Ra§canu proved a type of Nagumo 
Theorem on viability properties of close bounded subsets with respect to a stochastic differential 
equation driven by fractional Brownian motion in |10j . 

Conditions expressed by stochastic contingent sets which are given in [TO] are general but 
unfortunately not easy to check and the aim of the present paper is to give checkable conditions 
for general stochastic differential equation driven by the fractional Brownian motion and some 
particular sets K. 

Studying from [TO], we find the deterministic necessary and sufficient conditions that guar- 
antee that the solution of a stochastic differential equation driven by the fractional Brownian 
motion B with Hurst parameter 2 < -^ < 1 (in short: f-SDE), P-a.s.w G 0, 

X*'^ =x+ rb{r,Xl'^)dr + ra{r,Xl'^)dB^, s e [t,T], 
Jt Jt 

(t, x) € [0, T] X R envolves in some particular sets K i.e. under which it holds that for all 
t G [0, T] and for all x e K: 



Xl'^'eK a.s.coen, VsG[t,r]. 



Here 



• B^ = iB^,t > 0} is a fractional Brownian motion with Hurst parameter i < // < 1, and 
the integral with respect to B is a pathwise Riemann-Stieltjes integral; 

• h{t, x) : [0, T] X R^'^M^ and a{t, x) : [0, T] x W^^ W^ are continuous functions. 

The characterization of viability of K is obtained through the study of the direct and inverse 
images for fractional stochastic tangent sets. This idea comes from [3]. In fact we extend the 
direct and inverse images of stochastic tangent sets to the fractional form and using our main 
theorem 13.21 we character the viability of some particular sets K with the conditions on h and 
a and we also obtain a comparison theorem. 

We now explain how the paper is organized. In the second section, we recall some classical 
definitions and the assumptions on the coefficients supposed to hold, we also recall the main 
result in |10j . which we will use later. In section 3 we state our main result and some applications 
are given. The section 4 is devoted to the proof of the main result and section 5 is for the proof 
of a general comparison theorem. 



2 Preliminaries 

Consider the equation on M'^ 

ps ps 

X, = Xo+ / bir,Xr)dr + / a{r,Xr)dB^ , s G [0,r], (2.1) 

Jo Jo 

• B^ = \^Bf^ ,t > 0} is a fractional Brownian motion defined on a complete probability 
space {Q,J-,¥); with Hurst parameter 2 < -f^ < 1, and the integral with respect to B is 
a pathwise Riemann-Stieltjes integral; 

• Xq is a d - dimensional random variable. 

• b:[0,T]x M'^^M'^, a : [0, T] x M<^-> W^ are continuous functions. 

Remark that the fractional Brownian motion has the following property: 
For every < e < H and T > there exists a positive random variable rj^^x such that 
^ilVeM'') < o°i ^or all p G [1, 00) and for all s, t G [0, T] 

\B^{t)-B"{s)\<r],,T\t-s\^-' a.s. 

And from [5] proposition 1.7.1(see also in [11]), we have for every to ^ [0, +00), 

BH{t)-B^{to) 



lim sup 

t—^to, t>t(i 



+00 ^ = 1 2.2 



t-to 
Using the same method we can easily proof that 

P ( U„,,up ^"'"-^""°> = +00I = P ( limint ^"<"-^""°' = -ooU 1 . (2.3) 
I t-)-to, t>to * — *0 J yt^to,t>to t — to J 2 

2.1 Assumptions and Notations 

For the function and coefficients appearing in the equation (j2.ip . we make the following standard 
assumptions which we will use throughout the paper: 

(Hi) a{t, x) is differentiable in x G M , and there exist some constants (3,6,0 < 13, S < 1, and for 
every R> there exists Mji > such that the following properties hold for all t G [0,T], 



(Ha) : <^ 



i) \a{t,x)-a{s,y)\<Mo{\t-sf + \x-y\), Vx,yGM^ 
ii) \VMt,y)-^x^{s,z)\<Mn{\t-sf + \y-zf), y\y\,\z\<R, 



where Va:Cr(t,x) = (VxO-*(t, j;)).^j^ and 

d d 

|V,a(t,x)|2 = ^^|a,,a^(t,x)p 

1=1 i=l 

Remark that for all re G M*^ 

\a{t,x)\ < |a(0,0)|+Mo(|t|^ + |x|) <Mo,r(l + |x|) 

where Mo,t = |o-(0, 0)| + Mq + MqT. 
Let 

■ f^ R '^ 

ao = mm < -, p, 



2" ' l+5\ • 



(H2) There exist fx € (1 — ao, 1] and for every R>0 there exists L/j > such that the fohowing 
properties hold for aU t G [0, T] , 



(Hb) : <^ 



i) \b{r,x) -b{s,y)\ < L/j(|r-s|'' + \x - y\ 
ii) \b{t,x)\ < Lo{l + \x\), VxeM"'. 



V|x| ,\y\ < R, 



Finahy, we introduce some notations which wih be used later. 

Let d,k £ N*. Given a matrix A = {a^'^)dxk and a vector y = {y^)dxi, we denote \A\'^ 
E,,, la^'^f and |y| = EJyf • 

Let t E [0, T] be fixed. Denote 

• VF°'°°(t,r;M'^), < a < 1, the space of continuous functions / : [t,T] -^ R^ such that 

ll/IL,oo;[,T] ■■= sup (|/(.)| + r '^/'^"{ff' rfr 1 < 00. 
^ s€[t,T] V Jt (s - r) ^ 

An equivalent norm can be defined by 



dr] VA > 0. 



se[t,T] V Jt (s - r) 



W^~"^'^{t,T;W^), < a < |. the space of continuous functions g : [t,T] -^ W^ such that 



l5'lliyl-a,oo(f,T;IR'*) •" 15(^)1+ sup 



t<r<s<T 



\g{s) -g{r)\ 



+ 



\9{y) - 9{r)\r 1 ^ 



C^([i,T];M ), < /.f < 1, the space of /i-Holder continuous functions / : [t,T] 
equipped with the norm 



M;[t,T] • = 



l/lloo;[t,T] + sup ^ TT^ < 00 



where 



t<r<s<T (s - rY 
loo;[i,T] := sup^g[(_T]|/(s)|. We have, for ah < e < a 

VK"'"^(i,T;M'^) the space of measurable functions / on \t,T] such that 



Q,l;[i,T] •" 



Clearly 



1/(^)1 , r i/(^)-/(^)i / 



VF"'°°(t,r;M'^) C VF"'^(t,r; 



ds < 00. 



2.2 Generalized Stieltjes integral 

Denoting 

Aaig;[t,T]): 

where 



1 



r(l - a) t<r<s<r 



sup {D',Z^gs^){r) 



r(a) = / s^-^e-'ds 



is the Gamma function and 



ml-" v^ e^^(i-") f g{s)-g{r) , ^^ ^ f g(r) - g(y) ^ , ^ 



we have 

'^"^^' f*'^]^ - r(l - a)T{a) ll^llw^^— (t,T: 
Note that 

A„(g;[t,T])<A,(5;[0,r])(:=A,(5)). 

We also introduce the notation 

1 / fir) , rf{r)-f{y) 



(A+/)(0 



+ a 
r(l-Q) V(r-i)" ji 



(r - ,)^+i ^^J '(*'^)(^^ 



Definition 2.1 Zei < a < i. If f £ W'^''^{t,T;R'^''^) and g G W^-°'^'^{t,T;M.^), th 
defining 



en 



f (r) dg (r) := (-1)" j^ [Df^f) (r) (D^I^-) (r) dr. 
the integral I fdg exists for all s G [t,T] and 

rf{r)dg{r) < sup \{Dlz^^gs^)ir)\ T \iDi\f)is)ds\ 

Jt t<r<s<T Jt 

It is known that when H G (2) 1) ^iid 1 — H < a < 2, then the random variable 



G = kJB 



H\ 



1 



p.. . sup |(Z),^Z"i3,_)(s) 



has moments of all order. As a consequence, if li = {ut,t G [0, T]} is a stochastic process whose 
trajectories belong to the space W°''^{t,T;'K'^), with I — H < a < ^^ the pathwise integral 

fT 

/ UgdBf exists in the sense of Definition 12. II and we have the estimate 

JO 



T 



UsdB^ 



<G\\u\ 



Q,l- 



This is the reason why in the SDE (j2.ip the integral with respect to B is a pathwise Riemann- 
Stieltjes integral. 

D. Nualart and A. Ra§canu have proved in [T3] that under the assumpations (Hi) and (H2) , 
with /3 > 1 - iJ and 5 > i - 1 the SDE 

X*'« =i+ I b{r,Xl'i)dr + I (y (r,XlA dB^ , s G [t,T] , 

has a unique solution X*'« G L° {n,T,¥ ■,W°''°°{t,T;R'^)) , for all a G (1 - H,ao) . Moreover, 
for P-almost all uj £ n, X (uj,-) e C^"" (O, T; ] 



2.3 Fractional Viability 

In this subsection we recall the notion of the viability property for SDE driven by fractional 
Brownian motion. On the other hand we will present the main result of [10] which is very useful 
for our results. 

Consider the stochastic differential equation driven by fractional Brownian motion B^ with 
Hurst parameter ^ < H < 1, 

X*'^ =x+ f b{r, X^:^)dr + / a{r, Xl.'^)dB^ , s G [t, T]. (2.4) 

Definition 2.2 Let /C = {K{t) : t G [0,r]} be a family of subsets ofW^. We say that K, is 
viable (weak invariant) for the equation {2.-i\ j if, starting at any time t € [0, T] and from any 
point X € K{t), there exists at least one of its solutions {Xs^ : s G [i,2^]} which satisfies 

X*'^GK(s) for all s e [t,T]. 

Definition 2.3 The family K is invariant (strong invariant) for the equation 1^2. 4\ ) if, for any 

t € [0,T] and for any starting point x S K{t), all solutions {Xg^ : s G [i, T]} of the fractional 
stochastic differential equation ll[2.4\ ) have the property 

X*'^'gK(s) for all se[t,T]. 

Remark that, in the case when the equation has a unique solution (which is the case for equation 
(j2.4p under the assumptions (Hi) and (H2)), viability is equivalent to invariance. 

Assuming that the mappings b and a from the equation (|2.4p satisfy (Hi) and (H2). 

Definition 2.4 Let t G [0, T] and x e K {t) . Let \ <l - a < H. 

The (1 — a) -fractional B -contingent set to K (t) in x is the set of the pairs {u, v), such that 
there exist random variable h = /i*'^ > and a stochastic process Q = Q*'^ : Qx \t,t -\-h\ — > M*^, 
and for every R > with \x\ < R there exist two random variables H^^Hfi > independent of 
(t, h) and a constant 7 = 7_R(a, /3) e (0, 1) such that for all s,t G [t,t + h], F-a.s. 

\Q{s)-Q{T)\<Hn\s-T\'~'', \Q{s)\<HR\s-t\'+^ 



and 



x + {s-t)u + v[B^ - Sf ] +Q{s)£ K {s) , 



where the constants Hr, Hr depend only on R, Lr, Mq^t,Mq, Lq, T, a, /3, Aq, (-B )• 

Definition 2.5 Let t G [0,r] and x G K{t). Let\<l-a<H. 

The (1 — a) -fractional B^ -tangent set to K(t) in x, denoted by Sx{t){'t,x), is the set of the 
pairs {u,v), such that there exist random variable h = /i*'^ > and two stochastic process 

U = C/*'^ : [t,t + h] ^ R'^, U{t) = 

V = ¥*'=": [t,t + h\^R'^, V{t) = 

and for every R > with \x\ < R there exsit two random variables Dn^Dn > independent of 
(t, h) such that for all s,t ^ [t, t + /i] , F-a.s. 

\U{s)-U{t)\< Dr \s - r|^"" , \V{s)-V{t)\<Dr\s- r|™™i/^'i-°> 

and 

x+ {u + U{r))dr+ / {v + V{r))dB^ eK{s), 
Jt Jt 

where the constants Dr, Dr depend only on R, Lr,Mq^t, Mq, Lq, T, a, /3, A^ {B ). 



Remark. 

• From [To], we can always assume that < h < 1. 

• The definition of 5'<^(E-(j))(i, ^{x)) is the same to SK{t){'t, x), only changes the condition 

ps ps 

x+ {u + U{r))dr+ / {v + V[r))dB^ eK{s), 
Jt Jt 

to 

/s rs 

{u + U{r))dr + {v + V{r))dB^ G V'iKis)). 



Now we recall the main result of |T0] concerning the stochastic viability. 



Theorem 2.6 Let IC = {K (t) : t e [0,T]}, K (t) = K (t) C R'^. Assume that (Hi) and (H2) 
are satisfied with ^ < H < 1, 1 — H < jS, 6 > —jj—- Let I — H < a < aQ. Then the following 
assertions are equivalent: 

(I) /C is viable for the fractional SDE, i.e. for all t G [0,T] and for all x ^ K (t) there exists 
a solution X*'^ (w, •) G C^"" ([i,r] ;R'^) of the equation 

h{r,Xl.^'^)dr+ / a(r,X*'^)dBf , s G [t,r], a.s. w G fi, 

and 

X'f^K{s), VsG[t,r]. 

(II) For all t G [0,T] and all x £ K (t) , {b{t,x) ,(t {t,x)) is (1 — a) -fractional B^ -contingent 
to K (t) in X . 

(Ill) For all t G [0, T] and all x G K{t), {b{t,x) ,a{t,x)) is (1 — a) -fractional B^ -tangent to 
K[t) in X . 

Remark. The assertion (III) is given only for the deterministic case in [10]. In fact we can 
obtain the stochastic case from the deterministic one in the same manner as that (II) is obtained. 

Under the same assumptions in Theorem 12. 6t it follows: 

Corollary 2.7 If K is independent oft, the following assertions are equivalent: 
(j) K is viable for the fractional SDE ^2.4^. 



(jj) For all t G [0, T] and all x G dK, {b {t, x) , a {t, x)) is (1 — a) -fractional B -contingent to 
K in X . 

(jjj) For all t G [0, T] and all x G dK, {b{t,x) ,a {t,x)) is (1 — a) -fractional B^ -tangent to K 
in X . 

Proof. When K is independent of t, just using Theorem 12.61 it's obvious that [j) =^ (jj) =^ 
{jjj). Now we only need prove (jjj) =^ (j), In fact we will prove (jjj) =^ {IH)^ and then we 
will get our result. 

Let t G [0, T] and Vx G K\dK, Since X*'^ is continuous, then there exists a random variable 
h, such that for all s G [t,t + /i], 

X*'^ =x+ f b{r, Xl''')dr + f a{r,Xl^'')dB^ G K. 
Jt Jt 



we have for all 5 G [t, t + /i], 

ps ps 

X*'^ =x+ [6(t, x) + U{r)]dr + / [a(t, x) + V{r)]dB^ G K. 
Jt Jt 

where 

U{r) = 6(r,X*'^) - b{t,x), V{r) = a(r,X*'^') - a{t,x) 

clearly that {b{t,x) ,a{t,x)) is (1 — a)-fractional i?^-tangent to K in x. Together with (jjj), 
we have that for all t G [0,T] and all x ^ K, {b{t,x) ,a{t,x)) is (1 — Q;)-fractional S-'^-tangent 
io K va. X. This is just (///) for the case that K is independent of t. 

U 

3 Results and Applications 

The next two theorems are our main theorems, firstly we extend Stochastic Tangent Sets to Direct 
Images which is introduced by J.P.Aubin, and G.Da Prato [3] (1990) to the fBM framework. 



Theorem 3.1 Assume that (Hi) and (H2) are satisfied. Let K (t) = K (t) C R'^,t G [0,r] and 
S^mit, x) the (1 — a) -fractional B^ -tangent set to K in x. Let (p be a C"^ map from W^ to M™ 
with a bounded second derivative. If 

{b{t,x),a{t,x)) G SK{t){t,x) 

then 

{ip' {x)b{t, x), If' {x)a{t, x)) G S^(_K{t)){t,^{x)). 

Also we can prove the Stochastic Tangent Sets to Inverse Images in the fBM form. 

We introduce a space Ti of the functions (/9 : M — )■ W^ of class C^, with a bounded and 
Lipschitz continuous second derivative and there exist a^ < b^ and some constants M > 0, 
L > such that for all a<^ < |x| < b^, the matrix (p'{x) has a right inverse denoted by (^'(x)^ 
satisfying 

(1) |[^'(x)+]'|<M, 

(2) \[^'{x)+]'-y'{y)+]'\<L\x-y\. 



Theorem 3.2 Assume that (Hi) and (H2) are satisfied. Let K (t) = K {t) C W^,t G [0,r] and 
if GT-L, then for every e > and a^ + e < \x\ < b^ — e, then 

{b{t,x),a{t,x)) G 5'^-i{^(E'(j)))(i,x) 

if and only if 

{ip'{x)b{t,x),ip'{x)a{t,x)) G S^(^K{t)){t,^{x))- 

Using Theorem 13.21 we can get the deterministic sufficient and necessary conditions for 
viability when K takes some particular forms. Firstly we give some Lemmas. 

Lemma 3.3 Let K be the unit sphere, then for all x ^ K, {b{t,x),a{t,x)) G S'/<(t,x) if and 
only if 

{x,b{t,x)) =0, {x,a(t,x)) =0. 



Lemma 3.4 Let K = {x G M ; r < |x| < R} then for all x, such that \x\ = R, {b(t, x),a{t, x)) G 
Sxit, x) if and only if 

{x,b{t,x)) < 0, {x,cr{t,x)) =0 

and for all x, such that \x\ = r, {b{t,x),a{t,x)) G Sxit^x) if and only if 

{x,b{t,x)) > 0, {x,a{t,x)) =0. 

Lemma 3.5 Let K be the unit ball, then for allx, such that \x\ = 1, {b{t,x),a{t,x)) € SK{t,x) 
if and only if 

{x,b{t,x)) < 0, {x,a{t,x)) =0. 

Just as Corollary 12.71 said, considering that if we want to get the conditions for the viabiUty 
of K, we only need to think about the starting point x € dK. Then together with Lemma 13.31 
and 13.51 it is obviously that 

Proposition 3.6 Let (Hi), (H2) be satisfied, 1 — H < a < ao and K is the unit sphere. Then 
the following assertions are equivalent: 



(I) K is viable for the fractional SDE \2.4^ . 
(II) For all t G [0, T] and all x e K , 

{x,b{t,x)) = 0, {x,a{t,x)) = 0. 

Proposition 3.7 Let (Hi), (H2) be satisfied, 1 — H < a < ao and K is the unit ball. Then the 
following assertions are equivalent: 



(I) K is viable for the fractional SDE ^2Z 
(II) For all t G [0,T] and all \x\ = I, 

{x,b{t,x)) < 0, {x,a{t,x)) =0. 

Corollary 3.8 Consider the SDE on M, 

ps ps 

Xs=x+ / 6(r, Xr)dr + / a {r, Xr) dB^ , s G [t, T] . 
Jt Jt 

B^ = {^B^ ,t > 0} is a fractional Brownian motion. b,a satisfy the assumptions (Hi),(H2). 
Then for any t £ [0,T] and every x > the equation has a positive solution if and only if 

b{t,0)>0, a{t,0) = 0, VtG[0,r]. 

Proof. In fact we take K = [0, +00), the problem is just that K is viable for the fractional 
SDE. We can use x = tan j{y + 1) and we get y = ^ arctanx — 1, it just maps [0, +00) to [—1, 1], 
and using Proposition 13.71 and ltd formula of fractional SDE (see [l3]), we have 

6(i,0)>0, a{t,0)=0, VtG[0,r]. 

D 

The most interesting application is the characterization of comparison theorem. 
Let us firstly consider the linear case. 



Corollary 3.9 Consider the linear two dimensional decoupled system 

Xt'^ = x+ f\f{r)Xl'^ + f,{r))dr+ f\g{r)Xl'^ + gi{r))dBl' , s^[t,T] 
Jt Jt 

Yt" = y+ rif{r)Yr''' + f2{r))dr + j\g{r)Yr'''' + g2{r))dBl' , s € [t,T] 



then 



for any t € [0, T] and every x <y, X*'^ < Y^^y , Vs G [t,T]. 
^^ flit) < /2(t), 9i{t) = g2{t), Vt G [0,T]. 



7t,Z 



Proof. In fact we set Zg'' = Yg'^ — Xg'^ , where z = y — x > 0, then we can change the 
problem to Zg^ > 0, it means that for any t € [0, T] and every z > the fractional SDE of Zg'^ 
has a positive solution. Then using Corollary 13. 8( we can easily prove this corollary. 



D 



In general, we have 

Theorem 3.10 (Comparison theorem) Consider the two dimensional decoupled system 

X*'"=x+ / (6i(r,X*'"))dr+ / (ai(r,X*'"))(ifl,^, s e [t,T] 
Jt Jt 

yI'^ = y + j\b2{r, Yr'^y))dr + j\a2{r, Y''y))dB^ , s e [t, T] 

then 

for any t G [0,T] and every x<y, Xl'"" < F,*'^, Vs G [t,T] 

^^bi{t,z) <b2{t,z), ai{t,z) = a2{t,z), ViG[0,r], Vz G M. 
we will give the proof of this result in Section [5j 

4 Proofs of main results 

This section is devoted to the proofs of the main results which have been given in Section [3l 
Firstly we present some auxiliary Lemmas which will be used in the sequel. 

4.1 Auxiliary Results 

Lemma 4.1 Civen two stochastic process 

U = C/*'^' : nx[t,t + h\ ^ R'^, U{t) = 
V = y*'^ : nx[t,t + h\ ^ M'^, V{t) = 

such that for all s,t £ [t,t + h\ and for every R > with \x\ < R : 

\U{s)-U{t)\ <Dn\s-T\'-'', 
\V{s)-V{t)\ < 5k |s - rr^"^^'^-"> . 



10 



then for all t < t < s < t + h, 



(a) 



U{r)dr 
V{r)dB. 



<Dn{s-ty-''{s-T) 



H 



< CR{a,p)bRK{B^){s - t)-W/3,i-"} (5 _ rf- 



where CR{a,(3) depends only on R, a, and j3. 



Proof. 

(a) we have 



U{r)dr 



[U{r) - U{t)]dr 



< Dr 



(r - ty-'^dr 



< DRis-ty-'^is-T). 



id) 



V{r)dB^ 



[V{r) - V{t)]dB^ 

< A,(i?^)||y|U,i.[,,,] 



< DRKiB"" 



\V{r)-V{t)\^ pV{r)-V{y)\ ^^ 



dr 



[t-tT ' Jr {r-yr+^ 

(-f — ^^minl/S.l-a} r-r f^ _ \min{^,l-a} 



(r-rY 



+ 



(r-y)" 



+1 



dy 



dr 



LI — a 

+ r r [r - yr"'^'^-"'^-^"'^-^dydr 



r J r 
H\t„ J.^^lin{/3,l— a} 



< Ci?(a,/3)I?i?A«(S^)(s-t) 



Remark. From (a) and (6), just taking r = i, we have 



[s-tY 



(«') 

m 



U{r)dr 



< Dr (s - t) 



2-a 



V{r)dBl. 



H 



< CR{a,(3)DRA^iB^){s - t)l+min{/3-a,l-2a}^ 



D 



Lemma 4.2 Given two stochastic process U = U'''^,V = V^'^ which satisfy the conditions in 
Lemma \4.1\ and ip £71, let 

f{r,y) = ip\y)+[U{r)-{ip'{y)-^'{x))b{t,x)] 
g{r,y) = if'iy)^ [V{r) - {(p'{y) - ip'{x))a{t,x)] 



t,x 



then for a € (1 — -ff, ao) and for every Sq > there exists a random variable hi = h{ such that 
for Oy:, + 2^0 < jx| <b^p — 25q and ¥-a.s. uj ^0., the following SDE 



is = x+ {b{t,x) + f{r,ir))dr+ / {a{t,x) + g{r,ir))dB^ {r), sG[t,t + /ii], 
Jt Jt 
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has a unique solution C (u) G L^ (fi, J',P; Ty"'~(t,T;M'^)) . 
Moreover F-a.s. ^ (w) G C^^" (t, t + hi;R'^). 

Proof. From [15] Theorem(the partition of unity) p. 61, we have that for every 6q > 0, there 
exists one function a{x) G C°°(M'^) such that a{x) = 1 for atp + 5o < \x\ < 6<^ — 5o and a{x) = 
for |x| > 6^ or \x\ < a^, then we define 



f{t,y) = a{y)fit,y) = { 



f{t,y), a^ + do <\y\ <b^-6o 

a{y)f{t, y) a^ < \y\ <a^ + 6o, or b^ - 6q < \y\ < h^ 

0, |yl > b^p, or \y\ < a^. 

and we define g{t, y) in the same method and then we consider the following SDE 

ps ps 

is = x+ / {b{t,x)+f{r,ir))dr+ / {a{t,x)+g{r,ir))dB"ir), s€[t,t + h]. (4.1) 

Jt Jt 

Since (p (z Ti and U = U^'^,V = V^'^ satisfy the conditions in Lemma 14. H we can ver- 
ify that for Q G (1 — ff, oq); f{i-,y)-, and g(t,y) satisfy the conditions in (Hi),(H2) in [TU] 
where the constants Mq, M/j,Lo, L^j depend on u, then the SDE ()4.ip has a unique solution 
l{io) G L°(0,J',P;Ty°'~(t,r;M'^)) for all a G (l-F,ao). And moreover P-a.s. |. (w) G 
C^~" (t, i + /i;R ). Since a,^ + 2(5o < |a;| < b,p — 26o then there exists a random variable hi = h{^ , 
such that P-a.s. a^p + 5q < \^\ < b^ — 5o, then for s G [t,t + hi], the SDE (|4.ip becomes P-a.s. 

ps ps 

is = x+ {b{t,x)+f{r,ir))dr+ / {a{t,x) + g{r,ir))dB" (r), se[t,t + hi]. 
Jt Jt 

just taking S,s = S,s,s G [t,t + hi], and together with the uniqueness of ^s, then we finish our 
proof. 



D 



4.2 Proof of Theorem 3.1 and Theorem 3.2 



Proof of Theorem 13.11 

Since {b{t,x),a{t,x)) G S^(A(t, x), then there exist a random variable h = /i*'^ > 0, and two 
stochastic process 

U = [/*'=" : Qx [t,t + h] ^ R'^, U{t) = 

y = y*'^: nx[t,t + h]^W^, V{t) = Q 
such that for all s, r G [i, t + /i] and for every R > and \x\ < R : 

\U{s)-U{t)\ <Z)r|s-tJ^~", |y(s)-y(r)| <L)^|s-Tr^"^^'^-"> 
and 

/s ps 

{b{t, x) + U{r))dr + / (c7(t, x) + V{r))dB^{r) G /^(s), 

where Dr, Dr, depend only on R, Lr, Mo,t, Mq, Lq, T, a, (3, Ka{B^). 
Let 

ps rs 

r]s=x+ {b{t,x) + U{r))dr+ {a{t,x) + V{r))dB^ {r) 
Jt Jt 

12 



and from Lemma 14.11 and H — e Holder continuous property of fractional Brownian motion, it 
follows that for all s, r G [t, t + /i] , 

\Vs-Vr\<aS-T)'-''. 

According to the fractional Ito formula (see Yuliya S.Mishura |13j). We have for all s £ [t, t + /i] 
^(x+ I {b{t,x) + U{r))dr+ I {a{t,x) + V{r))dB^ (r)) 

= ip{x)+ fy{r^r){h{t,x) + U{r))]dr+ f y {r^r){cj{t,x) + V{r))]dB'' {r) 

Jt Jt 

fS f'S 

= ip{x)+ [ip'{x)b{t,x) + Ui{r)]dr+ y{x)a{t,x)+Vi{r)\dB"{r) 
where 

f/i(r) = (^'(7?,)C/(r) + (v9'(r?,)-99'(x))6(t,x) 



Then 



9?(x)+ / y{x)b{t,x) + Ui{r)]dr+ y{x)a{t,x) + Vi{r)]dB^{r) 



= ^[x+ j {b{t,x) + U{r))dr+ f (a(t,x)+y(r))d5^(r)) e ^{K{s)) 

and it's easy to verify that 

Ui{t) = 0, Vi{t) = 

For all s,T £ [t,t + h\ and for every R > and |x| < R, Using the Lipschitz continuity of (p' 
and (H2), we obtain that 

\Ui{s) - C/i(t)| < y{vr)\\U{s) - U{t)\ + {\U{s)\ + |6(i,x)|)|^'(r?,) - ^'{r^r)\ 

< 9l\s - t\^-'' + e2\Vs - Vr\ 

< e\s-T\^-'' 

Similarly we can proof that 

\Vi{s) - Vi{t)\ < e\s - r|™"i/^'i-°} 

The Holder constants 9, 9 are random variables which depend only on R, Lji, Mq, Mq, Lq, T, 
a,P,K{B^). 
This means that 

y {x)b{t,x),(p' {x)a{t,x)) G S'^(j^(j))(t,v3(x)). 

D 

Proof of Theorem [3:2] 

We shall only have to prove that from {ip'{x)b{t, x), ip'{x)a{t, x)) G 5'^(_R-(j))(i, ^{x))-, we infer 
that {b{t,x),a{t,x)) G 5'^-i((p(i^(t)))(i,x). 
Since 

{^p' {x)b{t,x),if' {x)a{t,x)) G S^(^K{t)){i,f{x))- 
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then for x € Kit), there exist a random variable h = /i*'^ > and two stochastic process, 

Ui = U*f : nx[t,t + h\ ^ M™, Ui{t) = 0, 
Vi = Vl''' : nx[t,t + h\ ^ M™, Vi{t) = 

such that for all s, r S [i, i + h] and for every R > and |x| < R, 

\Ui (s) - C/i (r)| < Dn \s - t|1-" , |Vi (s) - Vi (t)| < ^,? |. - r|™"^^'i-"> 
and 

ps ps 

^ix)+ / {ip'{x)b{t,x) + Uiir))dr+ / (c^'(x)a(i,x) + yi(r))dS^(r) G c^(ir(s)). 

Let 

f{r,y) = ip'{y)+[Ui{r)-{ip'{y)-ip'{x))b{t,x)], 
g{r,y) = ^'{y)+ [Vi{r) - {^'{y) - ^'{x))a{t,x)] , 

where ip'{y)'^ is the right inverse of '^'{y)- By Lemma 14.21 foi' every Jq > and a^p + 2(5o < |x| < 
b^ — 25o) there exists a random variable hi such that for P-a.s. w € O the following SDE 

{b{t,x)+f{r,Cr))dr + J iait,x)+g{r,Cr))dB"{r), se[t,t + hi], 

has a unique solution ^. (w). Then with 

Uir) = ip'i(ry[Uiir)-{ip'{Cr)-v'{x))b{t,x)] and 
V{r) = ^'{^ry[Vi{r)-{^'{^r)-^'{x))a{t,x)] 

according to the fractional Ito formula, we have for all s G [i, t + hi\ 

<f(x+ I {b{t,x) + U{r))dr+ f {a{t,x) + V{r))dB" {r)\ 

fS ps 

= ip{x)+ / {ip'{x)b{t,x) + Ui{r))dr+ / {ip'{x)a{t,x) +Vi{r))dB" (r) e ip{K{s)). 
Jt Jt 

Clearly that 

U{t) = 0, V{t) = 0. 

Since ip £ U and ^ (w) S C^"'^ {t,t + hi;R'^) and together with (Hi) and (H2), it easily follows 
\U{s)-U{t)\ <0|s-t|^-", \V{s)-V{t)\ <^|s-Tr^"^'^'^-"^ 

Then it means that 

{b{t,x),a{t,x)) G 5'^-i(^(/^(t)))(i,x). 

D 
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4.3 Proof of Lemmas 3.3, 3.4, 3.5 



. Proof of Lemma 13.31 

Firstly, we take ^{x) = jxp, and it's easy to verify that for 4 < lx| < 4, 



i(^\+ 



V'{x) 



2\x 



2 • 



and we can verify that (p a Ti taking a. 



ip 4) "(/3 



4, e = J, then for x ^ K we have 



2 < |2;| = 1 < 4 — 4, by Theorem 13.21 we have 

{b{t,x),a{t,x)) G SK{t,x) ^ {{2x,b{t,x)),2x*a{t,x)) G S'i(t,x^) 

So now it's equivalent to prove 

((2x, b{t, x)), {2x, a{t, x))) G Si{t, \x\^) ^ (x, b{t, x)) = 0, (x, a{t, x)) = 

Sufficient. If {x,b{t,x)) = 0, {x,a{t,x)) = 0, we can take U{r) = 0, V{r) = 0, and we have 
Vs G [t,t + h] and |x| = 1 

ps ps 

|x|2+ / {{2x,b{t,x))+U{r))dr+ / {{2x,a{t,x))) +V{r))dB^ (r) = 1, 



This means that {{2x,b{t,x)),{2x,a{t,x))) G5'i(t, |xp). 

Necessary. Since {{2x,b{t,x)), {2x,a{t,x))) G 5i(t, |xp). then there exist a random variable 
/i = /i*'^ > 0, and two stochastic process 

U = f/*'^' : 17 X [t, t + /i] ^ M, U{t) = 
V = y*'^ : X [t, t + /i] ^ M, V{t) = 

such that for all s, r G [i, t + h] and for every i? > 0, \x\ < R : 

\U (s) - f/ (r)| < Z^fi |s - t|^-" , \V (s) -V{t)\<Dr\s- rr^f^'^-"} 



and 



\x 



rs rs 

+ / {{2x,b{t,x)) + U{r))dr+ / {{2x,a{t,x)) +V{r))dB^ (r) = 1, F - a.s. (4.2) 



where Dr, Dr, depend only on R, Lr, Mq, Lq, T, a, (3, Aq, (-B^). 
Since |xp = 1, then from the equation (j4.2p we clearly have 



{2x,b{t,x)) 



s-t 



{2x,a{t, x)) 



B"{s)-B"{t) 



s-t 



U{r)dr+ j V{r)dB^{r) 
It Jt 

By ([2T2]) . there exists r^o C with P(r2o) = 1 such that Vw G Oq, (fOj) is satisfied and 



(4.3) 



lim sup 

i— >to, t>to 



t-to 



= +00. 



Let ujQ G CIq. Then there is a subsequence r„ = r„(a;o) J, t when n ^- 00, such that 

B^^iiVo)-Bi'{u;o) 



lim 

n— >oo 



Tn-t 
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+ CO. 



(4.4) 



Setting in 14.31 g = r„ A (t + /i(ci;o)) € [t,t + h{uJo)] and passing to limit as n ^ oo, the left member, 
via Lemma |4.H has limit 2{x,b{t,x)). Consequently, noting (j4.4p . we must have 

{x,a{t,x)) = 0. 

and therefore 

{x,b{t,x)) = 0. 

The proof of Lemma 13.31 is complete. 

D 

Proof of Lemma 13.41 

Like the analysis in the proof of Lemma 13.31 the proof of Lemma 13.41 is reduced to the 
following equivalent: 
Vx such that \x\ = R 

{{2x,b{t,x)),2x*a{t,x)) G S'^(/^)(t, \x\^) <^ {x,b{t,x)) < 0, {x,a{t,x)) = 

Vx, such that |x| = r, 

((22;, b{t, x)),2x*a{t, x)) e S^(^K){t, \x?) ^ {x, b{t, x)) > 0, (x, a{t, x)) = 0. 

We only prove in the case \x\ = R, the other one is similar. 

Sufficient. If {x,b{t,x)) < 0, {x,a{t,x)) = 0, taking U{r) = 0, V{r) = 0, and we can choose 
h small enough such that Vs G [t,t + h], 

ps ps 

r2<|xp+/ {{2x,b{t,x))+U{r))dr+ I {2x*a{t,x) +V{r))dB^ (r) < R^, 
Jt Jt 

This means that {{2x,b{t,x)),{2x,a{t,x))) G 5^(^)(t, |xp). 

Necessary. Since {{2x,b{t,x)), {2x,a{t,x))) G 5'^(_ft')(t, |a^P)- Then there exist random vari- 
able h = h^'^ > 0, and two stochastic process 

C/ = C/*'^: X [t,t + /i] ^M, U{t) = 
y = y*'^: f] X [t, t + /i] ^ M, V{t) = 

such that for all s, r G [i, t + h] and for every R > 0, \x\ < R : 

\U (s) -U{t)\<Dr\s- t1^^" , \V (s) -V{t)\<Dr\s- r|™"{^'i-"} 
and 

ps ps 

2 / 1^12 , / //o^ uu ^w , r7/^^^J^ , / r/o^ ^^^ ^^\ , Mt^\\^uHf^\ ^ d2 



r^<|x|^+/ {{2x,b{t,x))+U{r))dr+ {{2x,a{t,x)) +V{r))dB" (r) < R\ 
Jt Jt 

where Dr, Dr, depend only oni?, Lr, Mq, Lq, T, a, /3, A^ {B^). 
Since |x| = R, then we yield 

ps ps 

{2x,b{t,x)){s-t) + {2x,a{t,x)){B^{s)-B^{t))+ U{r)dr + V{r)dB^{r)<0 (4.5) 

Jt Jt 

By (j'2.3p . there exists J^o C fi with P(rio) = ^ such that for each ujq G Oq, (|4.5|) is satisfied and 
there is a sequence t < Sn = s„(a;o) < i + ^(^^0)5 Sn i i, such that 

Sf (wo)-5f(wo) , , 

lim '"^ ^ ^^-^ = +00. (4.6) 

Sri 4'^ O72 ^ 
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Then we have 



{2x,a{t,x))- 



By Lemma l4.ll 



BSAsn)-BSJt) 



Sji t 



+ 



I " II. 

U{r)dr+ / y(r)d<(r) 



Sji t 



< -{2x,b{t,x)). 



(4.7) 






Sr}, t 



and noting (j4.6p . we derive that 



{x,a{t,x)) < 0. 



Similarly we can prove {x, a{t, x)) > 0, choosing coq and a sequence t < Vn = J^nli^o) ^ * + ^('^o) 
and r„ i t such that lim^,4i b?^H^)-bH^'o) 



-CX3. So 

{x,a{t,x)) = 0. 



Then from (j4.5p . we have 



{2x,b{t,x)) + 



[/(r)dr+ / V{r)dB"{r) 



s-t 



<0. 



and passing to limit s ^- i, it follows, via Lemma l4.lt 

{x,b{t,x)) <0 
The proof of Lemma 13.41 is finished. 

Proof of Lemma 13.51 It is very similar to the proof of Lemma [331 therefore we omit it. 

5 Proof of the Comparison Theorem 



D 



D 



Proof of Theorem [37TO] 

We write the two dimensional decoupled system 



as 



where 



Xi'"=x+ r(6i(r,X*'"))cir+ f {ai{r,Xt^''))dBH , s(^[t,T] 
Jt Jt 

Y's^y = y+ [\h2{T,Yr'^''))dr + [\a2{r,Y^^'^))dBH , s G [t,T] 
Jt Jt 

Z'/ = z+ [ ib{r,Z',''))dr+ [ {a{r,Z'/))dB^, sG [t,T] 
Jt Jt 



X 



t,x 



^T = Vyiy]. ^ = (:,), h{r,zr) 



X 



bi{r,X'rn 



, a(r,Z*'^) 



M^ l^lir,Xr 



t,x- 



we take ip{z) = ip{x,y) = y — x, then for every z G M^, ^'{z) = (—1, 1), and 
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so if ^T-L and if we set K = {{x, y) | y — x > 0}, we have '^{K) = M+ and Lp '^{ip{K)) = K, then 
using the same method of the proof of Theorem 13.21 we have 

{h{t,z),a{t,z)) G SK{t,x) ^ {ip'{z)b{t,z),ip'{z)a{t,z)) G SR+{t,ip{z)). 

In fact, considering Theorem 13. H we only need prove 

{ip'{z)b{t,z),ip'{z)a{t,z)) G S^+{t,ip{z)) => {b{t,z),a{t,z)) G 5x(i,x). 

Since 

{ip'{z)b{t,z),ip'{z)a{t,z)) G S^+{t,ip{z)) 

then for z £ K, there exist a random variable h = h^'^ > 0, and two stochastic process, 

Ui = [/{'"^ : ^ X [t, i + /i] ^ M, Ui{t) = 
Vi = y/'^ : r? X [t, i + /i] ^ R, Vi{t) = 

such that for all s, r G [t, t + /i] and for every R > and \z\ < R, 

\U, (s) - Ui (r)| <Dr\s- r|i-" , l^i (s) - V, (r)| < Dn\s - r|™'^^^'^-"> 
and 

ifiz) + fy{z)b{t, z) + Ui{r))dr + f\ip'{z)a{t, z) + Vi{r))dB'' (r) G (/^(i^(s)). 
Let 



f{r,y) = ip'{y)+[Ui{r)-{^'{y)-ip'{z))b{t,z)] 
g{r,y) = ip'{y)+ [V,{r) - {ip'{y) - ^'{z))a{t, z)] . 

It's obviously that f{r^y)^ oi^-iV) are independent of y. Let 

is = z+ ib{t,z) + fir,Cr))dr+ / {a{t,z) + g{r,Cr))dB" (r), s&[t,t + h], \z\ < R. 
Jt Jt 

Then we take 

U{r) = ^'(e.)+[C/i(r)-(v,'(e.)-^'(z))Kt,^)] 
Vir) = ^'i^ry[Viir)-i^'i^r)-^'iz)Mt,z)] 

According to the fractional Ito formula, we have for all s G [t, t + /i] 

ip(^z+ I {b{t,z) + U{r))dr+ f {a{t,z)+V{r))dB"{r)^ 

= ^{z) + I iip'iz)b{t, z) + Ui{r))dr + / {<f'{z)a{t, z) + Vi{r))dB^ {r) G M+ 

Clearly that 

U{t) = 0, V{t) = 0. 

Since for every z G M? , (p'{z) = (—1, 1), (p'{z)~^ ~ h{~i) ^^'^ together with (Hi), (H2), it is clear 
that 

\U{s)-U{r)\<e\s- t|'-" , \V (s) -V{T)\<e\s- r|™"{/3,i-«} , 
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This means that 

{b{t,z),a{t,z)) G 5'^-i(^(/^))(t,x) = SK{t,x). 

Just as Corohary 12.71 said, if we want to get the conditions for the viabihty of K, we only 
need to think about the starting point x € dK. Then the comparison theorem is equivalent to 
prove that for all t € [0, T] and for any z = (^) such that x = y, and \z\ < R, 

{ip'{z)b{t,z),^'{z)a{t,z)) G S^+{t,ip{z)) 4^bi{t,x) < b2{t,y),ai{t,x) = cr2{t,y). 

Sufficient. If 61 (t, x) < b2{t,y),cri(t,x) = cr2(t, y), for x = y, we can take U{r) = 0, V{r) = 0, 
and we have Vs G [t,t + h], and z = (^) , such that x = y, 

y-x+ l\ip'{z)b{t,z) + U{r))dr+ j\ip'{z)a{t,z) + V{r))dB'' {r) = {b2{t,y)-b,{t,y)){s-t) > 0, 



This means that {ip'{z)b(t, z),ip'{z)a{t,z)) G S^+{t,ip{z)). 

Necessary. Since {ip' {z)b{t, z) , if' {z)a{t, z)) G S^+{t,ip{z)), then there exist random variable 
h = h^'^ > 0, and two stochastic process 

U = C/*'^ : X [i, t + /i] ^ M, U{t) = 
V = V^'^ : X [i, t + /i] ^ M, V{t) = 

such that for all s, r G [i, t + h] and for every R > and \z\ < R : 

\U{s)-U{t)\ < Dr\s - t\^~'' , \V{s)-V{t)\ <L)^|s-t|™"^^'^-"^ 
and 

y-x+ f ((62(t, y) - bi{t, x)) + U{r))dr + / ((a2(t, y) - ai{t, x)) + y(r))d5^(r) > 0, 

Since y = x, then we get 

(52(t,x)-6i(t,x))(s-t) + (a2(t,x)-ai(t,2;))(S^(s)-S^(0)+ / [/(r)dr+ / V{r)dB^{r) > 0. 

With the same analysis in the proof of Lemma 13.41 we obtain that for every R > 

bi{t,x) < b2{t,x), ai(t,x) = a2(t,x), \/\x\ < R. 
This complete the proof of Comparison Theorem. 

D 
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